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We study theoretically the two Kitaev chains put in parallel, i.e., Kitaev ladder, coupled by Josephson junc-
tion. The pi-junction between the Majorana bound states at the ends of the chains competes with the usual
Josephson coupling along the chain, and this frustration leads to the modulation of the phase difference of
the superconducting order parameter between the two chains. We show that this modulation gives the double
degeneracy of the ground states, which can be manipulated by external electric and magnetic fields.
PACS numbers: 74.20.-z, 74.50.+r
Introduction.– The Kitaev chain [1], one-dimensional (sin-
gle channel) p-wave superconducting wire, is well known as
a prototype of topological superconductors [2–5]. The promi-
nent feature is that it hosts Majorana modes as topologically
protected states at the ends of the system. They have zero
energy, which are energetically separated from other states
by the superconducting gap, and then can remain localized
at the ends. Since Majorana modes carry half the degrees of
freedom of ordinary fermion, two Majorana modes sitting on
the two ends constitute one fermionic mode. The occupied
and unoccupied states of the mode have the same energy, and
the ground state is doubly degenerate. As the consequence
of peculiar properties of Majorana states, two Josephson-
coupled topological superconductors produce a fermionic An-
dreev bound state with energy (φ) which has 4pi periodic-
ity [6, 7] in sharp contrast to 2pi periodicity in usual Josephson
junctions. This is due to the conservation of the fermion par-
ity, i.e., the energy levels of states with even and odd fermion
parity cross at φ = 2pi and they come back to the initial states
only when the phase runs additional 2pi if there is no parity-
mixing process.
Majorana states exhibit non-Abelian statistics [8–10] and,
therefore, have potential application in topological quantum
computation [11]. The implementation have been done in
some experimental setups: (i) spin-orbit-coupled quantum
nanowire proximitized to s-wave superconductors [12–18]
and the recent progress in Ref. [19]; (ii) magnetic adatoms on
s-wave superconductors [20–23]; and (iii) induced supercon-
ductivity in two-dimensional topological insulators [24–28].
Let us consider the two Kitaev chains aligned in parallel where
a Majorana state sit on each end of each chain. If they are to-
tally decoupled, Majorana fermions remain zero energy states,
therefore the ground state degeneracy is 4. However, in gen-
eral, a Majorana state sitting on an end can couple with other
Majorana states on the same end of the neighboring chains.
This lifts the degeneracy and the energy of the Majorana states
become nonzero by the amount of the tunneling element.
In this paper, we theoretically study two parallel Kitaev
chains, i.e., Kitaev ladder shown in Fig. 1, and discuss the
effect of the inter-chain Josephson coupling. The compet-
ing Josephson couplings, i.e., that between Majorana bound
states and that between bulk states, bring about the modu-
lation in the phase of the superconducting order parameter
and double degeneracy of the ground states in contrast to the
naive expectation that all the degeneracies are lifted. One can
also find some interesting works on aligned Kitaev chains in
Refs. [29–35]. The change in the Majorana edge mode for
the two-dimensional array of Kitaev chains due to the spon-
taneous phase modulation was also discussed in Ref. [36]. In
contrast to these earlier works, we focus here the double de-
generacy and its manipulation in the Kitaev ladder.
Majorana bound states.– Figure 1 shows the system we are
considering, which is the two superconducting chains with a
finite tunneling between them. Particularly, our interest is in
the case when these chains are topologically nontrivial phases.
The topological feature is manifested in the emergence of Ma-
jorana states at the boundaries of the system depicted by solid
spheres in Fig.1. The Kitaev chain model provides the sim-
plest description of this physics, which is a one-dimensional
p-wave superconducting system [1]. The Hamiltonian for two
V12
FIG. 1. Schematic picture of our model representing coupled two
Kitaev chains which are connected through the single-electron tun-
neling shown in dotted lines. The solid spheres show Majorana states
localized at the ends of the chains. V12 denotes the gate voltage rel-
atively applied to chains 1 and 2.
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2Kitaev chains with tunneling connecting them reads
H =
∑
α=(1),(2)
N∑
j=1
[(
−tcα†j cαj+1 + ∆αcαj cαj+1 + h.c.
)
−µ
(
cα†j c
α
j −
1
2
)]
+
N∑
j=1
(
λc
(1)†
j c
(2)
j + h.c.
)
, (1)
where t is the nearest neighbor hopping strength, µ is the
chemical potential, ∆α = |∆|eiθα is the p-wave supercon-
ducting order parameter with the phase θα, and λ is the cou-
pling between these two chains. We put parentheses for the
indices indicating chains to avoid confusions. The electron
operators cαj can be decomposed into Majorana operators γ
α
i
in the following way
γα2j−1 = exp
(
i
θα
2
)
cαj + exp
(
−iθα
2
)
cα†j ,
γα2j = −i exp
(
i
θα
2
)
cαj + i exp
(
−iθα
2
)
cα†j . (2)
First, let us consider decoupled chains by setting λ = 0, and
for simplicity, we choose particular set of parameters, |∆| =
t > 0 and µ = 0, where the system is in a topological phase.
The Hamiltonian is written by using Majorana operators as
H0 = it
∑
α
N−1∑
j=1
γα2jγ
α
2j+1. (3)
In the ground state, γα2jγ
α
2j+1 form dimmers depicted by the
gray bonds in Fig. 2. γα1 and γ
α
2N are isolated Majorana modes
which do not appear in the Hamiltonian, and thus these opera-
tors are related to zero energy states [1]. In general cases with
different parameters, the corresponding states cannot be repre-
sented only by such completely isolated Majorana modes, but
they still have zero energy and localized at the ends of the sys-
tem until the gap in the bulk spectrum is closed at |µ| = 2|t|.
Their wavefunctions decay exponentially with the length scale
of ξM ∼ t/|∆| (the lattice constant is set to be a unit).
Now, we turn on a finite single electron tunneling λ. The
tunneling term in Eq. (1) can be written with respects to Ma-
jorana operators as
Hint =
∑
i
λ(c
(1)†
i c
(2)
i + c
(2)†
i c
(1)
i )
=
iλ
2
∑
i
{
sin
(
θ1 − θ2
2
)(
γ
(1)
2i−1γ
(2)
2i−1 + γ
(1)
2i γ
(2)
2i
)
+ cos
(
θ1 − θ2
2
)(
γ
(1)
2i−1γ
(2)
2i − γ(1)2i γ(2)2i−1
)}
.
(4)
Here, we considered the interchain tunneling process only be-
tween the parallel sites. We will treat it as a perturbation. In
the dimer limit (Eq. (3)), the effective Hamiltonian can be eas-
ily derived.
(A) (B)
FIG. 2. (Color online) Two configurations of the coupling between
Majorana edge states; parallel alignment (A) and head-to-tail con-
figuration (B). The solid circles represent complex fermions which
are decomposed into two Majorana states shown in black dots. The
isolated Majorana states are colored with red.
Let us start with γ(1)n γ
(2)
m with n,m 6= 1, 2N , i.e., the Ma-
jorana fermions participating in the dimer formation. For this
coupling, there is a finite gap in the unperturbed Hamilto-
nian, and hence the second order perturbation theory can be
applied. A straightforward calculation gives the perturbation
energy−(λ2/16t) cos(θ1−θ2) except a constant energy shift.
This dependence on the phase difference is expected for the
ordinary Josephson coupling in superconducting junctions.
For γ(1,2)n with n = 1, 2N , there is no unperturbed Hamil-
tonian, and hence the degenerate perturbation theory must be
applied. Picking up terms which includes only these Majorana
fermions in Eq. (4) are
iλ
2
sin
(
θ1 − θ2
2
)(
γ
(1)
1 γ
(2)
1 + γ
(1)
2Nγ
(2)
2N
)
= λ sin
(
θ1 − θ2
2
)
(a†a+ b†b− 1) (5)
where we have introduced (complex) fermion operators as
a = (γ
(1)
1 + iγ
(2)
1 )/2, b = (γ
(1)
2N + iγ
(2)
2N )/2. Therefore,
the ground state energy becomes −λ| sin ( θ1−θ22 ) | by appro-
priate choice of |0〉i and |1〉i labeled by i = a, b satisfying
a|0〉a = 0 and |1〉a = a†|0〉a (and the same for b).
Of crucial importance is the dependence on the phase dif-
ference, which is the sinusoidal form. This should be con-
trasted to the anomalous Josephson coupling of Majorana
states discussed in, for example, Refs. [6, 7]. The configu-
ration there is depicted in Fig. 2 (B), and the coupling arises
from the tunneling term (λc(1)†N c
(2)
1 + h.c.) which results in
iλ cos ((θ1 − θ2) /2) γ(1)2Nγ(2)1 . One can understand this form
by looking at the last term in Eq. (4). The characteristic 4pi
periodicity is originating from the factor 1/2 in the cos func-
tion.
GL theory of the superconducting phases.— We consider
the GL theory of the phases of the superconducting order pa-
rameter based on the above result. In a system with an infinite
length, the Hamiltonian is written as
H =
∫ L
0
dx
{
ρs
[
(∂xθ1)
2
+ (∂xθ2)
2
]
− J cos (θ1 − θ2)
}
− λ
∣∣∣∣sin(θ1 − θ22
)∣∣∣∣
x=0,L
(6)
3where J = λ2/16t and ρs is the superfluidity density, i.e., the
stiffness of the phase. We introduce the center of mass phase
θ and the phase difference φ as θ1 = θ + φ/2 and θ2 = θ −
φ/2. The solutions can be obtained by the ordinary stationary
equation for both fields θ and φ. Since it is obvious that θ takes
a constant value, we set it to be 0. As for the phase difference
φ, we obtain the sine-Gordon equation
∂2xφ− J sinφ = 0, (7)
The boundary term in Eq. (6) will induce the deviation from
the trivial solution φ = 0, which can be treated by the part of
the solution to Eq. (7) as given by
φ(x) = ±4 tan−1
[
e(x−x0)/ξφ
]
(8)
with the assumption that φ(x → −∞) = 0, φ(x → ∞) =
±2pi, and (d/dx)φ(x → ±∞) = 0. This solution has a kink
at x = x0 which is fixed by the competition between the bulk
term and boundary term in Eq. (6). The slope of the kink is
determined by the typical length scale ξφ =
√
ρs/J . The
boundary condition at the ends of the system becomes[
∂xφ± λ cos φ
2
]
x=0, L
= 0. (9)
arising from the last term in Eq. (6). The point is that the
phase difference has a finite value at the vicinity of the ends
to minimize the energy due to the Majorana Josephson cou-
pling whereas the phase difference in the bulk is close to 0 as
in a usual Josephson junction. We emphasize that this spa-
tial modulation of the phases along the chains originates from
the zero energy Majorana bound states arising as topologi-
cally protected states. The position of the kink in the solu-
tions Eq. (8), i.e. x0, is pinned by this boundary condition to
a particular value with which
φ(x = 0) = ±4 tan−1
(√
1 +
16J
λ2
− 4
√
J
λ
)
(10)
is satisfied. Eventually, the solutions to Eq. (7) with open
boundaries are obtained as
φ(x)=±4
{
tan−1
[
e−(x−x0)/ξφ
]
± tan−1
[
e(x−x0−L)/ξφ
]}
,
(11)
where the ones with the plus sign in the curly bracket have
the same sign at the two ends (see the left panel in Fig. 3)
and the ones with the minus sign have the opposite signs (the
right panel). We call them as kink-antikink and kink-kink so-
lutions, respectively. Here we assume that the solutions are
approximated simply by superpositions of two kink solutions.
We evaluate the corresponding energies by substituting above
solutions into Eq. (6). It turns out that the kink-antikink so-
lutions result in lower energy. The gap in energy depends on
the stiffness of the superconducting order parameter and de-
creases exponentially as exp (−L/ξφ). The consequent su-
percurrent by the spatial modulation of the phase is calculated
Chain
Current
FIG. 3. (Color online) Schematic depiction of kink-antikink (left)
and kink-kink (right) configurations of the phase difference and
emerging supercurrent flowing in the system due to the modulation
in the phase. The kink-antikink configuration has lower energy.
by using the expression j = δH/δφ with given configurations
Eq. (11) as [37]
jbulk(x) =∓ 2J sech−1 [fJ,λ(x)] tanh [fJ,λ(x)] , (12)
jend =±
(
8J
3
2λ
16J + λ2
+
2
√
J λ√
16J + λ2
)
, (13)
where
fJ,λ(x) =
√
Jx− sinh−1
(
4
√
J
λ
)
. (14)
The distribution of the current is schematically depicted in the
second row in Fig. 3. One can see that it can be regarded as
the loop current on each half of the system. The amount of
the current through the bulk Josephson coupling is compen-
sated by those at the ends through the Majorana bound states.
It is naturally expected that these loop current generate mag-
netic field. We simply approximate the induced field as mag-
netic dipoles sitting on the ends. The interaction between the
dipoles are antiferromagnetic, and clearly seen from Fig. 3,
it further reduces the energy of a kink-antikink configuration.
In summary, Majorana Josephson coupling produces non-zero
phase difference near the ends of the system with plus or mi-
nus sign resulting in a kink-kink or kink-antikink configura-
tion. The kink-antikink configuration is energetically prefer-
able.
Low energy physics.— Finally, we construct an effective
theory describing the low energy physics in our model based
on the above discussion. We introduce the following set of
Pauli matrices; σzi corresponding to the occupancies of a and
b fermions and τzi the sign of the phase difference φ at the left
and right ends. The Majorana Josephson coupling is repre-
sented by
Hm = m(σ
z
aτ
z
a + σ
z
b τ
z
b ), (15)
where we set m = λ sin (|φ(0)|/2) (see Eq. (10)). The in-
teraction between kink configuration at the both ends can be
embedded in
Hr = −rτza τzb , (16)
where r is a positive value since the kink-antikink configu-
ration is energetically favored as discussed (note that such a
4FIG. 4. (Color online) Eigenvalues of Heff as functions of r and w.
m = 1 and |Γ| = 0.2 are chosen. The yellow surface shows doubly
degenerate eigenvalue. The shaded region on the bottom represents
the area in the parameter space where this doubly degenerate ground
state is realized.
configuration corresponds to the matrix element with the same
eigenvalues of τzi ). r scales as exp (−L/ξφ).
Another possible term comes from the overlap of the Ma-
jorana bound states at two ends of each chain. It is described
by using complex-fermion operators a and b
Hw = w(iγ
(1)
1 γ
(1)
2N + iγ
(2)
1 γ
(2)
2N )
= w(a†b− b†a), (17)
where w ∝ exp (−L/ξM). Equation (17) can be rewritten in
terms of σx,yi as
Hw = w(σ
x
aσ
y
b − σyaσxb ). (18)
We also consider an additional non-trivial term expressing
the macroscopic quantum tunneling with the matrix element
Γ as
HMQT = −Γ(τ+1 + τ+2 )− Γ∗(τ−1 + τ−2 ). (19)
It describes quantum tunneling process connecting kink-
and antikink-configurations. The total effective Hamiltonian
Heff = Hm + Hr + Hw + HMQT is in the form of 16 × 16
matrix and the energy eigenvalues can be obtained by the di-
agonalization. Herem is considered to dominate other param-
eters since both r and w decay exponentially in the length of
the system. Figure 4 shows four low-lying eigenvalues out of
16 eigenvalues of Heff . Here we set m = 1.0 and |Γ| = 0.2.
The shaded area shown in the bottom of the graph shows the
set of parameters r and Γ with which the doubly degenerate
eigenvalues (shown in the yellow curve) have the lowest val-
ues, i.e., the ground state is degenerate. Note that r and w
have different length scales ξφ and ξM, then, we expect that
in a system with ξφ > ξM the magnitude of r exceeds that
of w and the ground state is degenerate. For example, in the
experiment found in Ref. [22] they reported the localization
length of the Majorana states are comparable to the size of
an adatom on the substrate superconductor [38]. The states
corresponding to the degenerate energy are ferromagnetic in
pseudospin of fermionic states 〈σz1〉 = 〈σz2〉 and their configu-
rations of the superconducting order parameter are superposi-
tion of two kink-antikink configurations. We can argue that by
taking into account the phase degrees of freedom and by the
virtue of anomalous Majorana Josephson coupling the ground
state degeneracy holds even when the finite size effect and the
quantum tunneling processes play roles.
Conclusion and outlook.– We investigate the role of mod-
ulation in the superconducting order parameter in two Ki-
taev chains put in parallel. When those are in the topologi-
cal phase, single electron tunneling between Majorana states
sitting at the ends is allowed and gives anomalous Josephson
coupling, which results in spatially modulated superconduct-
ing phase. Due to this modulation, the ground state are doubly
degenerate even though we take into account the overlap of
Majorana wavefunctions. This double degeneracy can act as a
qubit, and its manipulation is an important issue. As discussed
above, the kink-antikink solutions don’t have the net magnetic
field, and hence cannot be biased by the uniform external mag-
netic field. However the local magnetic field applied only on
one end of the system lifts the degeneracy.
The other means to control the state is to put the potential
difference V12(t) between the two chains, which modulates
the phase of the tunneling matrix element Γ in Eq. (19) be-
tween the two degenerate configurations of the superconduct-
ing order parameter. This comes from the canonical conjugate
relation between the charge difference Q1 − Q2 between the
two chains and the phase difference φ of the superconducting
order parameter. V12(t) is coupled toQ1−Q2. After integrat-
ing over Q1 − Q2, we obtain the term iV12dφ/dt in the La-
grangian, which put the phase factor exp
(
icV12
∫ L
0
dxφ¯(x)
)
to Γ (c: a constant depending on the capacity of the system,
φ¯(x): the difference of φ(x) between the two stable kink con-
figurations). Combining these two external fields, one can ma-
nipulate the dynamics of the qubit.
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